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A dynamical system receives a certain input, whose magnitude has a bounded integral with respect to 

time; the maximum response of the system to this input is to be determined The functional 

representing the response is the maximum of a function of the phase variabtes, evaluated along a 

solution of the system. An account is given of types of linear and non-linear systems in which the 

maximum response is produced, in the limit, by an instantaneous shock. An example is also presented 

of a non-linear second-order system in which the response to an instantaneous shock is not the 

maximum possible response to an input of the type described. 

ENGINEERS dealing with the design and development of various systems of vibration technology 
frequently have to determine the maximum response of a system to an input of some 
previously fixed class. One of the first such problems to be solved was probably Bulgakov’s 
well-known treatment of the actuation of perturbations in linear systems in which the input 
is bounded in mag~tude [l]. This paper is concerned with the accum~ation of perturbations 
in linear and non-linear systems when the integral of the absolute value of the input with 
respect to time is bounded. 

1. GENERAL FORMULATION OF THE PROBLEM 

Consider a dynamical system 

x’=f(x)+bu, x(O)=0 (1.1) 

where x and b are n-vectors, f is an ~-vector-valued function, and u = u(r) is a scalar faction 
representing the input (external action). We define a class of inputs I: as the set of piecewise- 
continuous functions, defined on the positive real line [0, m) that satisfy the integral constraint 

5 I u (f)l&<J, (1.2) 

The performance of transients in system (1.1) may be represented by a functional 

D [u (q)) = sup 
=IO, -1 

@ Ix (6 u~(*))l (1.3) 

where X(Z, u(s)) is the solution of the Cauchy problem for system (l.l), given an input U(C). 
We wish to determine the maximum response of the system 
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(1.4) 

Henceforth, by specifying the functions f and @ in various ways, we shall consider several 
problems which are special cases of (1.4). 

2. ACCUMULATION OF PERTURBATIONS IN LINEAR SYSTEMS 

Consider the linear system 

Q(x) = I(a,x)l. (2.1) 

Here A is an n xn matrix and x and b n-vectors. It is assumed that the real parts of the 
eigenvalues of A are negative, i.e. when there is no input, the linear system is stable. For the 
function occurring in (1.3) we take the modulus of the scalar product (a, x), where a is an 
arbitrary constant vector 

X * = Axtbu, x(0)=0. 

Assuming that u(t) satisfies condition (1.2), consider problem (1.4). 
We can write the solution of system (1.2) in the form 

x(t)= _f G(f - 7)bu (7)d7, 
0 

where G(t) is the fundamental matrix of solutions of the linear system (2.1) such that G(0) = E 
(E denotes the n x n identity matrix). 

The scalar product (a, x) is given by 

(aj and bj are the components of a and b and g,(t) are the elements of the matrix G(t)). We 
have 

I(a,x)l < _i lu(7)l I+(t - 7)ld7 
0 

whence it follows that 

I(a,x>l Q P .i I~(T)I~TGPJ~, ~=~;g IJ/WI* 
0 ? -1 

Note that, since the system is stable, p is bounded. Consider the input 

1 UO, o<t<7* 
uO(t) = 

0, t >r* 

where u, > 0, U,,Z * = J,. Let us evaluate the integral 

I(& 7*) = ; z.P(r>\Il(t- 7)dr. 
0 

(2.2) 

For sufficiently small t, using well-known properties of integrals, we obtain 
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( Jolcl m*1, t G 7* 
I (r, T*) = 

Jo+ P-07*1, r > r* 
(cY=a(t,T*), p=p(t,T*), lal91, I/3191, a(T*,T*)=l -p(r*,T*)). 

The last equality in parentheses follows from the continuity of w(t) at t = r*. 
We have 

lim Z(r. T*)=JoJ/ (r). 
7*+ 0 

Hence, the quantity defined in (1.4) is 

Do = Jo sup 1 J/ (01. 
tE [Of -) 

A similar result was obtained for a linear second-order system in [2]. 
Thus, the input maximizing the performance of the linear system (2.1) is, in the limit, an 

instantaneous shock of strength Jo. 

3. ACCUMULATION OF PERTURBATIONS IN SECOND-ORDER 
NON-LINEAR SYSTEMS 

Consider a second-order non-linear system 

X’=y, r’=_~(x,y)+u(f);x(0)=y(O)=O (3.1) 

Problem (1.4) for this system is solvable only when the functions R and @ satisfy certain 
additional conditions. An example is the case considered in [3]; our treatment here is 
essentially a generalization of those results. 

Let 

R (x, v) =f (X)Y + bz Cv) + cp (xl (3.2) 

where f and Q, are functions defined for x E (a, 00 ) and continuous everywhere except possibly 
at x = 0, where cp may have discontinuities of the first kind. In addition, we assume that 

f(x)>O, q(x)sign(x)>O, q(x)+0 

cp(x~)>cp(X~) for XI >x2, XI +O, x2 fO 

(3.3) 

We assume that b>O; the function z(y), which represents dry friction, is defined for b#O as in 

131 

As to the continuous function cb(x, y) describing the performance of the system, we assume 
that 

@@,YI) 2 @CGYz) for IY1l>IYzl (3.4) 

One instance of a function satisfying this condition is 
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@(X,Y) = 1x1 

which is very commonly used in practice, representing the deviation of the system from its 
initial state. 

It follows from relationships (3.2) and (3.3) that, when there is no external input u(t), system 
(3.1), excited from its initial state and then left to itself, is dissipative (or conservative if b = 0, 
f(x) = 0). Thus, the value of the function 

1 

W(x,y) = f + [ cp(x)dx 

interpreted as the sum of the kinetic and potential energy of the system, does not increase 
along solutions of the system. 

To investigate problem (1.4) with inputs of class I; we will consider pulsed inputs; these 
comprise the class L, of all sequences of delta-functions S(f) of the type 

A,(t)= Zr 6 (r - 71)+ . . . + I,6 (r - rn) (3.5) 

where I1,l+,.. + I I, I= 1” 6 Jo, Ii f 0, zj+* > zi. 
As in [3], one shows that for any input 4) E X there is a pulsed input A(-) E L, such that 

It can be proved that the optimum response (1.4) is 

DO = max i D [A4 (=)I, D [A-(*)] 1 ; A’(t) = *Jo5 (t) (3.7) 

Considering the (x, y) phase plane, let us consider two trajectories corresponding to single shock inputs 
of strengths J,, and -1, 

L\f (f) = t&S (f) 

We fit single out the initial sections of these trajectories that lie in the first and third quadrants, 

respectively, of the phase plane, denoting them by F(+J,) and F(-J,). Suppose that each of these curves 

is given by an equation 

Note that y:(O, *.Z,)= 99,. By [4], it follows from (3.2) and (3.3) that the roots of the equations 

y: (X, fJn) = 0 

which we denote by n(&.Zn) are finite. Reflect the curves F(ff,) symmetrically about the abscissa axis, 

into the fourth and second quadrants, respectively (see Fig. 1). This yields a closed curve which we denote 
by T(.Z,). Denote the domain in the phase plane bounded by T(.Z,) and containing the point (0, 0) by 

z@,). Since phase trajectories corresponding to inputs which are single shocks of strengths J, and Z.+r 
(or -.Z,, and -.ZX+,) do not intersect, it follows that if fn+r > .Z, the phase trajectory corresponding to input 

does not leave the domain /I * (Jn+l)r where Jm+l = J,,,+ I I,,,+, I, We have [3] 

y;(x,+Jm+l)-yo+(x,+J*)> lZ,+11, VxE(O,~(+J,)l 

lY,(X. -J,+1, I-- ly; (x, -J&l > I r?n+$ I, vx E P. W?d~ Of 
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FIG.1. 

Consequently, any point of the phase plane that was in p*(J,,,) just before application of the (m+ 1)th 
shock will remain in p* (Jn+l) after the shock, and for t > z~+~ the phase trajectory of the dissipative 
system corresponding to A,+r(t) will not leave the set p * (Jnr+r). Since .I, 6 .I,,, the phase trajectory for an 
arbitrary input A(.)E L0 will not leave the set ~~(1,). By inequality (3.4), for any point (x,, y,) of 
p*(J,), there exists a point (x0*, y,,*). iu either F(+J,,) or F(-I,,), such that 

Thus, noting (3.9 we obtain 

To prove (3.7), we need only consider an input of type (2.2), which we denote by u,“(t) if u,, > 0, and 
d(t) if u. < 0 (in either case Iu, I z*=JJ. Letting r* tend to zero, we obtain 

ma%{. 

We have thus proved that the optimum performance of system (3.1) is produced in the limit by an 
instantaneous shock of strength +J, or -J,. 

4. COUNTEREXAMPLE 

The dynamical systems considered in Sets 2 and 3 are examples of systems in which the 
optimum response to inputs from class C is evoked by an instantaneous shock. Do systems 
exist that do not possess this property? We will give a simple counterexample, in which a 
certain input of class (1.2) produces a response in excess of the response to an instantaneous 
shock. 

Consider the second-order system 

X’ = y,, Y’ = -kyIyf--by+u(t); x(O)=y(O)=0 (4.1) 

This system differs su~t~tia~y from the non-linear system (3.1) (with conditions (3.2) and 
(3.3)) in that its right-hand side contains the term -ky 1 y 1, which represents quadratic friction. 
The performance index here will be the maximum deviation 
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We will first determine the maximum deviation D+ for an instantaneous shock input A(t)= 
J,@(t). Dividing the second equation of system (4.1) by the first, we get 

dy/dx = -k lyl-b, Y (0) =Jo 

(the action of the shock manifests itself in the new initial conditions). Integrating, we obtain 

Y 
x = -J- 

dr 
Jo klyl+b 

The required maximum deviation 0, is attained at y = 0. Consequently 

D+ = k-’ In [(Id, +b)/b] 

We will now determine the maximum deviation for an input of type (2.2). Integrating the 
second equation of system (4.1) over the interval [0, 2”] we obtain the inverse relation 

1 0 - Y+)Y- 

“) = (b2 t 4kuo)' In [ 0, - y_)y+ I (4.2) 

yt = - [b f (h2 + 4ku,)' ] /(2k) 

We now find x* = x(r*). Since X’ = y, it follows that 

x*= 6’ y (t)dt = f* yd’ dy 
0 dy 

where y* = y(r*). Evaluating the integral, we obtain 

1 
x* = 

(29 t L&do)?+ Iv+ In 

Y* -Y+ 

-y- In 
y*-Y- , 

_y+ -y- ’ 

We now determine y* from (4.2), remembering that f(y*) = 2* = J, lu, 

y* =y+ y_ (R - l)&+R -y-h R = exp [JO@’ + 4kudH/uol 

Letting u, tend to zero (the product hr* is preserved, remaining equal to zero), we obtain 

lim y*=o, lii x* =1,/b 
ug* 0 uo-’ 0 

Consequently, the maximum deviation D* as the response to an input (2.2) of infinitesimal 
magnitude is J,, /b. 

Comparing 0, and P, we find that 

D+/D* = ln(cf+ 1)/a< 1, (cY=kJ,/b) 

This example shows that the maximum deviation in system (4.1), as the response to an 
instantaneous shock, is not the maximum possible response to inputs whose magnitudes have 
bounded integrals with respect to time. 

It would be interesting to ascertain under what conditions the maximum response of a non- 
linear system to inputs of the class considered above is indeed that produced by an instant- 
aneous shock. 
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